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INTRODUCTION 
The basic inverse souree problem of aeoustie emission is the determination 
of the nature and loeation of the internal souree fram surfaee measurements of 
the transient elastie waves generated by the AE event. As pointed out by 
Sachse [1], this inverse problem requires a knowledge of the dynamie Green's 
funetion for the strueture under examination. The evaluation of this dynamie 
Green's funetion is therefore a pivotal problem in the applieation of the 
teehniques to monitor internal events in engineering struetures. This paper 
deals with the determination of the transient motion of a four-ply fiber eomposite 
laminate resulting from an internal impulsive line load aeting in the mid-plane of 
the plate in a direetion normal to the mid-plane. The souree funetion for aeoustie 
emission assoeiated with delamination will be loeated at one or other of the 
interfaces between the plies and the results presented here eomplement those 
of the earlier paper [2] whieh deals with an impulsive line load aeting on the 
upper interface. Beeause of symmetry, the response to a line load at the lower 
interface may be dedueed immediately fram this upper interface solution. 
The plate eonsists of four layers of a uni-direetional fiber reinforeed material, 
eaeh of depth h but infinite lateral extent. Eaeh lamina is modelled as a 
homogeneous, transversely isotropie elastie eontinuum with the axis of 
transverse isotropy Iying in the plane of the lamina and parallel to the fiber 
direction. This eontinuum model will be invalid for short wavelengths due to the 
diffraetion and scattering by individual fibers. Consequently, attention is 
restrieted to wavelengths of the order of ten times the fiber diameter and inter 
fiber spaeing. The laminae are perfeetly bonded in asymmetrie eross-ply 
eonfiguration (0°,90°)5' In praetiee, there are resin-rieh layers present between 
adjaeent laminae whieh may be mode lied by eonsidering the transversely 
isotropie layer to be separated by viseoelastie isotropie layers (see e.g. Mal [3]). 
This effeet has not been ineluded in the theory presented here. 
The response of single plates to internal sources has been examined by 
a number of authors. For an infinite plate of isotropie elastie material, Ceranoglu 
and Pao [4] have applied the generalised ray theory and Cagniard's method in 
Review 0/ Progress in Quantitative Nondestructive Evaluation. Vol. 11 
Edited by D.O. Thompson and D.E. Chimenti, Plenum Press, New York, 1992 153 
order to calculate the Green's dyadics. An alternative technique using 
expansions in normal modes is employed by Weaver and Pao [5]. whilst 
Vaseduvan and Mal [6] use integral transform techniques to solve the problem. 
Enoki and Kishi [7] have developed a three dimensional finite difference method 
which they have applied to calculate the Green's function for a precracked 
tension specimen of finite dimensions. In the case of anisotropie elastic 
materials, the solution for a single plate has been derived by Willis and Bedding 
[8] and reference has al ready been made to the earlier work of the present 
author [2]. 
THEORY 
This is described is some detail in [2]. thus only an outline of the method will 
be given here. A Cartesian coordinate system ofaxes is set up with the origin in 
the mid-plane, the X1 axis being normal to the plate and the x2 and x3 axes 
being parallel to the fibres in the two outer and two inner layers respectively. 
The line source is taken to be a delta function impulse acting at the mid-plane in 
the negative x1 direction at an angle rr./2 - y to the x3 - axis. The consequent 
plane wave propagation will be at an angle y to the x3 - axis and parallel to the 
layers. Hence, each stress and displacement component at any time t may be 
expressed as functions of x1' x and t only, where x = x2 sin y + x3 cos Y. It is 
convenient to take the Laplace transform with respect to t and the Fourier 
transform with respect to x of each of these components. Utilising the 
appropriate constitutive equations, the full three-dimensional equations of 
elasticity are solved for each layer. The ensuing solutions are subjected to the 
traction-free conditions appropriate to the two outer surfaces together with the 
perfect bonding conditions of continuity of stress and displacement at each 
interface, apart from the stress discontinuity at the mid-plane due to the 
impulsive loading. 
Once all these conditions have been implemented it is possible to express 
the transformed stress and displaeement eomponents at any point on or within 
the plate in terms of the material constants, the propagation angle and the 
transform parameters. All that remains to derive the full solution to the problem 
is to invert the transforms in order to recover the stress and displacement 
components as functions of x and t. This inversion is carried out numerically 
using residue theory for the frequency inversion followed by integration along 
each braneh of the dispersion equation. Due to the symmetry of the plate, any 
disturbance separates into two distinct motions, flexural (antisymmetric) and 
longitudinal (symmetrie), with the advantage that the plate dispersion equation 
may be expressed as the product of two dispersion equations, one 
corresponding to the flexural motion and the other to the longitudinal. The 
numerieal techniques are applied to the two motions separately and the full 
solutions are obtained upon using an appropriate combination of the two partial 
solutions. The limits of integration are chosen to be eonsistent with the 
eontinuum theory and the summation is restrieted to ten branches of each of the 
two dispersion eurves. However, for a souree loeated at the mid-plane, the 
disturbanee has no symmetrie eontent but is purely antisymmetrie. Thus, the 
numerieal ealeulations are halved and the solutions appropriate to the lower half 
of the plate are identieal to those for the upper half. 
DISCUSSION 
A typieal earbon fiber, epoxy resin composite material with the ratio of the 
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modulus along the fibers to that at right angles to the fibres of the order of 25 is 
chosen to provide the numerieal values of the material constants necessary to 
generate the results. The response of the plate may be discussed with 
reference to the scaled normal displacement, u. The first four figures presented 
show the variation of u with the distance (measured in units of h) from the line 
souree at a fixed instant of time t = 200 h/c after the oceurrence of the impulse. 
Here, e is the speed of a longitudinal wave travelling transverse to the fibers, 
thus t = 200 h/c is the time taken for this wave to travel through fifty plate 
thicknesses. 
Though this paper is concerned in the main with the surface response to 
internal sourees, and in partieular to the surfaee response to a source located at 
the mid-plane, it is of interest to begin the diseussion with abrief eonsideration 
of the through thiekness response to such a source. Figures 1 and 2 show plots 
of the variation in u at three levels, namely the upper surface, upper interface 
and mid-plane. As stated earlier, the response on the lower interface and lower 
surface is identieal to that on the upper interface and upper surface respectively. 
For figure 1, y = 30° and for figure 2, y = 60°. One of the interesting features is 
that both figures indicate that the high frequency effect is confined to the inner 
layers wh ich is eonsistent with the location of the line source. This high 
frequeney disturbanee has travelled much further when y = 30° than when y = 
60° whieh is to be expeeted since the quasi-shear wave speed in the inner 
layers at y = 30° is 0.678c eompared with 0.555c when y = 60°. The 
corresponding distances away from the loeation of the pulse are x = 135.6h 
and x = 111 h respeetively. However, the amplitude of this high frequency 
motion is eonsiderably smaller when y = 30° than when y = 60°. This refleets 
the fact that the effective Young's modulus of the material for propagation at 30° 
to the fibers is of the order of seven times that when the stress wave is 
propagating at the greater angle of 60° to the fibers. Thus, in the former ease, 
the eore layers appear stifter and more constrained than in the latter ease and 
the movement at the mid-plane is more inhibited. This interest in the high 
frequency response if due to the fact that the stresses are associated with the 
displacement gradients and will thus be high in regions of high frequency. 
Since the main objective is to ascertain whether the location of the internal 
souree may be predicted by monitoring the surface response, it is of interest to 
examine figures 3 and 4 eorresponding to y = 30° and 60° respeetively. They 
show the upper surfaee response to three different locations of the internal line 
source, namely the upper interface, the mid-plane and the lower interface. The 
downward displacement of the line on the upper surface immediately above the 
line source appears to depend on the depth of the source. For both angles of 
propagation, there is adefinite increase in the initial amplitude of the sinusoidal 
disturbance as the souree moves downwards through the plate. In eaeh figure 
there is evidence that there is more of a high frequency conte nt in the response 
to the souree located at an interface between two different ply orientations than 
at an interface between two identical fiber directions. In fact, a source located at 
the mid-plane, Le. at the greatest depth from a free surface, has a significantly 
quieter response than the other locations. There is evidence of a Rayleigh-type 
surface wave in figures 3a from the high amplitude oscillation present at a 
distance of x = 105h, (the Rayleigh wave speed is 0.527c), which distinguishes 
a source at the upper interface from that at the lower interface. However, there 
is no such apparent distinction between the corresponding figures 4a and 4c for 
y = 60°. This is consistent with earlier results [2) which predict that for the 
material parameters employed here, a surface wave will not exist for values of y 
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Fig. 1. Scaled normal displacement at t = 200 h/c, Y = 30°. 
(a) Upper Surface (b) Upper Interface (c) Midplane 
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Fig. 2. Scaled normal displacement at t = 200 h/c Y = 60°. 
(a) Upper Surface (b) Upper Interface (c) Midplane 
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Fig. 3. Upper surface displacement at t = 200 h/c, 'Y = 30° due to source 
located at (a) Upper Interface (b) Midplane (c) Lower Interface 
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Fig. 4. Upper surface displacement at t = 200 h/c, 'Y = 60° due to source 
located at (a) Upper Interface (b) Midplane (c) Lower Interface 
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Fig. 5. Upper surface displacement at x = 40 h, r = 30° due to source located 
at (a) Upper Interface (b) Midplane (c) Lower Interface 
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Fig. 6. Upper surface displacement at X = 40 h, r = 60° due to source located 
at (a) Upper Interface (b) Midplane (c) Lower Interface 
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greater than 47.6°. The peaks and troughs of the response are more 
pronounced in figure 4a than in figure 4c. For example, the point on the surface 
at a distance of 122 h has been displaced almost twice as much by the upper 
interface source as by a source located at the lower interface. 
In contrast to these four figures, wh ich show the response of the plate at a 
fixed time, figures 5 and 6 show the passage of the plane wave through a 
particular point P on the upper surface. P is at a distance of 40 h from the line 
source and in figure 5, y = 30° and in figure 6, y = 60°. In each case, curves (a), 
(b) and (c) correspond to a source located at the upper interface, the midplane 
and lower interface respectively. Note that for ease of comparison, curve (b) has 
been displaced downwards through 2.5 units and curve (c) 5 units. 
The most striking feature of these two figures is the sharp downward step in 
the normal displacement at t = 69 h/c when y = 30° and t = 66 h/c when y = 60°. 
This appears to be associated with a shearing deformation of the stiffer layers of 
the laminate rather than the simple bending motion displayed by an isotropic 
material. The oscillations superimposed on the rising portions of the curves 
which follow this step represent arrivals due to multiple reflections within the 
layers. 
Once again, there is evidence of a Rayleigh-type, very high frequency 
surface disturbance in figure 5a at a time of 76 h/c, which is noticeably absent 
from figure 6a. However, it is clear that though the response to the three 
different source locations are not identical, it is by no means an easy task to 
distinguish between them. A comparison of the response due to amidplane 
source with a source at the upper or lower interface does suggest that the 
strength of the disturbance decreases with the distance of the source from a free 
surface. This fact might be utilized to give some indication of the location of an 
internal source. 
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